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1 Introduction

The title of this article is inspired by many others I've read, such as *xxx Without the Agonizing
Pain*. I was initially tempted to force it or even go with something like ”Differential Equations
Without the Agonizing Pain,” but I restrained myself.

In Part I, we will explore fundamental concepts, common methods for solving first-order ordi-
nary differential equations, techniques for solving constant coefficient linear differential equations,
and an introduction to homogeneous linear systems. Additionally, we will cover numerical meth-
ods commonly used in fields such as computer science. Building on the content from my previous
blog, *Introduction to Calculus V2*, this article organizes the basic concepts, solutions, and sim-
ple applications of differential equations in the form of an essay. This article assumes that readers
have the foundational knowledge from previous posts on calculus basics + linear algebra P1.

Complex analysis is recommended, as it’s hard to avoid if you plan to study further, but it’s
not a prerequisite for this article.

1.1 Scope of Content

Since there is quite a lot of material even for the basic concepts, I've decided to write differential
equations as a sub-series within the calculus blog. The topics covered in this Part I include:

Fundamental concepts of differential equations

e Common methods for solving first-order ordinary differential equations

Methods for solving constant coefficient linear differential equations that can be extended
to higher orders

e An introduction to homogeneous linear systems of ordinary differential equations

Numerical methods primarily applied in fields such as computer science

Some conclusions that I feel need further explanation will include corollaries and proofs. For
more tedious topics that require extensive listing (such as the properties of unilateral Laplace
transforms), I will provide links to complete and formal listings.



2 Basic Concepts

2.1 Differential Equations and Their Significance

A differential equation is an equation that involves an unknown function and its derivatives. It
describes the relationship between a function and its derivatives, and solving a differential equation
essentially involves finding a function that satisfies the given equation for further analysis.

The order of a differential equation is indicated by the highest derivative present in the equa-
tion. Differential equations are divided into Ordinary Differential Equations (ODE) and Partial
Differential Equations (PDE). An ODE is a differential equation in which the unknown function
is a function of a single independent variable. For an unknown function y with the independent
variable x, an n-th order ODE takes the following form, where Leibniz notation is used to avoid
ambiguity.
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Correspondingly, a PDE involves an unknown function that depends on multiple variables.
Defining x = [z1, T2, , Tm], the function is represented as u(x). An n-th order PDE takes the
following form
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2.1.1 Initial Value Problems Boundary Value Problems

To determine a unique solution to a differential equation, we need an initial condition that
provides the value of the function at a specific point. This concept is familiar even to middle
school students, as it’s similar to being given a specific point and then finding the equation of
the function. Such problems are known as initial value problems. An initial value problem for a
first-order ordinary differential equation can be generally represented as

Y () = f(z,y(x)), y(xo) = yo
Here, f(x,y(x)) describes the rate of change of the dependent variable y(x) with respect to

the independent variable x, i.e., it represents the derivative of y(z) at each point x. Our goal is
to find an appropriate y(x) that satisfies the equation.

In contrast to initial value problems, boundary value problems are defined by conditions on
the domain of the independent variable. A boundary value problem for a first-order ordinary
differential equation can be generally represented as

y/($) = f(x,y(a:)), a<z<hb, y(a) =a, y(b) =p

2.1.2 Solutions of Differential Equations

In the context of differential equations, we use the terms general solution and particular solution
to describe different types of solutions. The general solution is a set that contains all possible



solutions of the differential equation. In simple terms, it’s a universal form that does not include
any specific initial conditions, representing all potential solutions of the differential equation. It
typically takes the form y(x) = ¢(z,C), where C is an undetermined constant. By assigning
specific values to C', we can obtain a particular solution.

Correspondingly, a particular solution is a solution that satisfies a specific initial or boundary
condition. If we have a specific pair of values z¢ and yo, such that y(xg) = yo, then y(z) is the
particular solution of the differential equation at xg.

If y1(z),y2(x), - -, yn(x) are solutions of the differential equation and are linearly independent,
they are referred to as linearly independent solutions. We can use the Wronskian determinant to
determine whether a set of solutions is linearly independent, defined as
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If the Wonskian determinant is xg # 0 at some point, then the solutions are linearly inde-
pendent at that point. If W(y1,ya,...,yx) # 0 for all x, then the set of solutions is linearly
independent over the entire domain.

2.2 Direction Fields

Here, we need to introduce a concept called **direc-

100 tion fields**, a graphical method for representing differ-
073 ential equations. It shows the slope direction at each
0s0 point in the plane, which is determined by the differen-

tial equation.
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The figure illustrates the overall behavior of the solu-
tion of a simple first-order ordinary differential equation
- % = —2ty in the plane. The arrows represent the di-
T e @ s 5 2 rection of change of the solution at each point, and their

length indicates the rate of change at that point.
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By drawing a direction field, we can gain some qual-
itative characteristics of the solution of the differential equation across the plane. This graphical
method provides an intuitive way to understand the behavior of differential equations. At this
point, you should have a basic understanding of this concept.

2.3 Exact Differentials

As mentioned earlier, the standard form of a first-order differential equation is (though not all
equations follow this form):

y = f(z,y)

If there exists a function ¢(z,y) that satisfies % = M(x,y), ‘Z—ﬁ = N(z,y) (where M and N
are continuous within the domain), such that



dp = M(x,y)dz + N(z,y)dy

then this differential form is called an **exact differential**. Here, ¢ is called the **potential
function™*, and its existence means that the equation is an exact differential equation (or a
**proper equation™*), and ¢ acts as the integrating factor of the differential form.

This equation implies that the order of mixed partial derivatives can be interchanged. Referring
to the supplemental section of *Basic Calculus V2%, Schwarz’s theorem states that if the mixed
partial derivatives of a function f exist and are continuous at a point, then the order of these
mixed partial derivatives can be exchanged. For example, for a bivariate function f(xi,x2), this
can be expressed as
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When we are concerned with the existence of the potential function ¢, we can use the conditions
of Schwarz’s theorem to ensure the existence of ¢.

2.4 Linear Differential Equations

Clearly, a linear differential equation is a differential equation that involves linear combinations
of first or higher derivatives and the unknown function itself. An n-th order linear differential
equation has the form:
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where ag(z),a1(z), - ,an(zr) are coefficient functions. If all coefficient functions are inde-

pendent of x, meaning each coefficient function is a constant, then the equation is a constant
coeflicient linear differential equation. If at least one coefficient function depends on x, then it is
a variable coefficient linear differential equation. Different coefficient functions lead to different
differential equations, so by adjusting these coefficients, we can modify the weights of the various
derivative orders in the equation, thus changing the properties of the equation.

In the following chapters, we will discuss some mathematical techniques for solving this class
of differential equations.

3 First-Order Ordinary Differential Equation Solutions

In the basic concepts chapter, we have gained a fundamental understanding of differential
equations. Before expanding to more general differential equations, let’s start with some appetizers
by exploring solutions for first-order ODEs.

3.1 Variable Separation Equation

A class of differential equations that can be solved using the method of variable separation
(note that this is not limited to ordinary and partial differential equations) is called a variable
separation equation, generally in the form:
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This means it can be expressed as the product of two variables, which transforms the equation

into:
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where C' is the constant of integration. As we previously mentioned, integration is the inverse
operation of differentiation, so we simply need to apply integration to solve for this function. The
method is straightforward, and let’s consider a simple example of a differential equation:

()
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By separating and integrating, we can solve for the desired y:
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3.2 Bernoulli’s Equation

The equations we encounter do not necessarily have to be linear, but this makes them more
challenging to handle. Many of the methods in subsequent chapters often require the equations to
be linear. Therefore, we first consider how to transform nonlinear differential equations into linear
ones. Starting from the standard form of the first-order linear differential equation g—g + P(x)y =
Q(z), we add something to transform it into:

The unfriendly-looking y® represents the nonlinear term of the equation, and this form is called
a Bernoulli equation. We can use an appropriate variable substitution to make it linear. First, we
perform a simple transformation on the equation:

v 4 P)z = Q)
4 P@)e = Q@)

Next, we introduce a new variable z = y' =%, which leads us to:



Substituting gives us:

(1 -y L+ P)(1 — )z = Q)(1 - a)

With this simple manipulation, it becomes a first-order linear differential equation, and we can
then use standard integrating factors or other methods to solve it.

3.3 Integrating Factor Method

The integrating factor method is also commonly used to solve first-order ordinary differential
equations. First, we consider the linear equation (this case is often simpler), emphasizing the
following form:

P+ Py = Q)

We need to find the integrating factor p(z) to convert it into an exact differential equation,
making it easier for us to integrate. This means that the equation can be written in the form:

o) (L + Plaly ) = n()Q(0

Regarding how to choose this integrating factor, we find that p needs to satisfy the following
equation, leading us to:

dp(z)
P =
() Pla) =
,[L(I) _ ef P(z)dx
This is why we often choose u(z) = e/ (¥4 a5 the integrating factor in the integrating

factor method; it ensures that our equation can be expressed as an exact differential form after
multiplying by the integrating factor.

We simply substitute this expression in, apply the chain rule (second line), integrate simulta-
neously (third line), and use some basic properties of differentiation and integration to derive the
final result (lines four to five):



d
efP(Z)dw (dz +P(’Jl)y) _ efP(w)de(z)

% (ef P(a:)dmp(l,)y) _ ef P(w)sz(m)

/% (efP(z)da:P(x)y> :/efP(w)sz(m)

ef P(w)dwy — /efP(z)de(x)dx +C

y = e—fP(m)dm (/ ef P(m)de(x)d$ + C)

Now we have derived a solution that also applies to non-homogeneous first-order linear dif-
ferential equations. However, if it is homogeneous, meaning Q(x) = 0, substituting gives us a
solution applicable only to homogeneous first-order linear differential equations:

y = CeffP(z)dz

ibry,

More generally, for first-order homogeneous nonlinear differential equations, we can often con-
sider using the integrating factor method. Based on the definition of the linear differential equation
form from the previous chapter, we can rewrite it in a form that may be more familiar to most as
a first-order differential equation:

M(z,y)dz + N(z,y)dy =0

First, we need to check whether it is an exact differential equation. If it is not, we need to
find the integrating factor u(x,y) to convert it into an exact differential equation, enabling easier
integration, which can be expressed in the form:

pM (z,y)dz + pN (z,y)dy =0

For an inexact first-order differential equation, we can find the integrating factor p that makes
it exact using this formula:
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3.3.1 Variation of Parameters

Based on our derivation of solutions for both non-homogeneous and homogeneous first-order
linear differential equations, we can introduce another method for solving. By introducing an
unknown function u(x) to replace the integration constant C' based on the homogeneous solution
y = Ce™ JP@1dz e can substitute back into the first-order linear differential equation to solve
for w:



ue- [ Px)ds _ uP(x)e—fP(z)dz + P(J?)’U,e_ J P(z)dz _ Q(J,‘)
we [ P@AT = (z)

ue_fP(af)dac — /Q(m)dx—i— o}

u:effP(I)dz (/Q(I)dﬂ:+01)

Then we substitute this result back into y = Ce™ JP@)9dz and we get the general solution of
the first-order nonhomogeneous linear equation

y = effP(I)dm </Q(1’)d$ + Cl> 67fP(z)dx

The advantage of this method is that, by introducing the undetermined function, we can
handle the constant term more flexibly (because C7 includes both the integral constant C' in the
original homogeneous solution and the integral constant introduced in the process of solving the
non-homogeneous equation), thereby making it more convenient to solve the non-homogeneous
linear differential equation.

3.4 Problems

1. % = 2z Tip: Separate the variables and integrate both sides to solve the differential equation.

2. %—4—234 = e * Tip: Rewrite the equation in standard form and find an appropriate integrating

factor, then express the left side as a differential and integrate both sides of the equation.

3. g—';’ +(x—2y) = 0 Tip: Check if it is an exact differential equation; if not, find the integrating
factor u and convert it into an exact differential form.

4 Constant Coefficient Linear Differential Equations

Constant coefficient linear differential equations refer to equations in which all the coefficients
are constants, differing from the definitions in the previous chapter. An n-th order constant
coefficient linear differential equation has the form:

dny dn—ly dy B
andxin‘f'an—lm‘i‘ +a1£+a0y—f(x)

The content of this chapter includes, but is not limited to, the methods for solving higher-order
constant coefficient linear differential equations.

4.1 Characteristic Equation Method

First, we need to consider the characteristic equation method for solving the common constant
coefficient linear homogeneous differential equations. This method involves transforming the dif-
ferential equation into an algebraic equation known as the characteristic equation. A homogeneous
constant coefficient linear differential equation has the form
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For the variable r, the derivative of the exponential function e is a constant multiple of itself,
specifically %em = re"®. Due to this favorable differential property, we can make a reasonable
assumption that the solution y has an exponential form y(x) = ™. Substituting this back into
the original equation, we arrive at what we call the characteristic equation

€™ 4 Ay 1T e 4 aqre™ 4 age™ =0

Once we find the solutions to the characteristic equation, r{,7r2,--- ,7,, and substitute them
back, the general solution of the differential equation can be constructed in the form

y=Cr1e"* 4+ Coe™* + .- 4+ Cpe™”

4.1.1 Discriminant of the Second-Order Characteristic Equation

Let’s cover some middle school content (to prevent some of those who forget it after leaving
middle school from struggling).

When we apply the characteristic equation method to a second-order constant coefficient linear
homogeneous differential equation, we substitute it as follows:

ar’> +br +¢=0

This equation is clearly a quadratic equation, and back in middle school, we learned about the
discriminant A = b — 4ac, which helps us determine whether the equation has real roots. As far
as I know, middle school textbooks discuss the following cases: + If A > 0, the equation has two
distinct real roots: r = % + If A =0, the equation has one real root: r = ;—: + If A <0,
the equation has no real roots.

Expanding on what middle school textbooks often overlook, when A < 0, the roots of the char-
acteristic equation are conjugate complex numbers. This situation frequently arises in vibrating
systems, such as spring oscillators, pendulums, and mechanical vibrations. In quantum mechan-
ics, the time evolution equation of wave functions can also be described by similar differential
equations, used to represent the wave characteristics of particles. Let o and 8 be real numbers,
and 7 be the imaginary unit. Then we have the conjugate pair:

r=a+ifry=a—1if
Using Euler’s formula, e = cos(x) + isin(z), we can directly substitute it in to obtain:
elatiB)e — oo (cos(Bx) + isin(fx))

This allows us to simply combine the real and imaginary parts, and substitute to simplify the
general solution:



y = Clenw + 0267'21'
= C1e*(cos(Bzx) + isin(fx)) + C2e*(cos(Bx) — isin(Bz))
= (C1 + Cy)e**(cos(Bx)) +i(Cy — Co)e**(sin(Bx))

4.2 Differential Operator Method

For higher-order constant coefficient linear differential equations, the differential operator
method is often a very effective approach. We consider an n-th order constant coefficient lin-
ear differential equation of the following form

dny dn—ly dy B
an@‘FGn—lW'F““f‘ala + apy = f(z)

We introduce the operator D as follows

d d2 fok
D=_—_ D?2=_—" ... Dn —
dz’ da?’ ’ dan

Substituting this into our equation yields

an D"y + an_1D" 'y + -+ + a1 Dy + agy = f()
(anD" + an1 D"+ @D +ag)y = f(z)

We define D° = I, where I is the identity operator, indicating that no differentiation has been
performed. We can then consistently define the polynomial P(D) = Y, a;D*, which allows us
to express the equation as

From this, we can clearly obtain its particular solution, where ﬁ is referred to as the inverse
operator of P(D).

4.2.1 Exponential Input Theorem

We can introduce a theorem related to the differential operator method, known as the Expo-
nential Input Theorem, specifically designed for solving cases where the input is an exponential
function. When the equation is f(z) = e**, i.e., P(D)y = e%*, its particular solution is given by:

y' = (P(a) # 0)

The proof for differential equations over the real numbers is straightforward, so we won’t
elaborate on that. Now, we also have to consider differential equations in the complex domain,
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which is simple as well. We can express a complex function f(1) = e and write it in terms of its
real and imaginary parts:

Since the differential operator preserves the linearity of addition and scalar multiplication, we
can handle the real and imaginary parts independently:

P(D)y = R(f(1))

P(D)y =S3(f(}))

Thus, the Exponential Input Theorem also applies to differential equations in the complex
domain, enabling us to solve trigonometric functions as well.

4.3 Laplace Transform

The Laplace transform is an integral transform, belonging to linear transformations, that
converts a locally integrable function f(t) defined on [0, 00) into a function of a complex variable
s. Tt is denoted by L{f(t)}. Moreover, to avoid confusion, we can also represent the Laplace
transform as F'(s) = L{f(t)}, so we have

ﬂﬂ=£ﬁ®}=ﬁwﬂﬂf%ﬂ

It’s important to note that the Laplace transform exists only when fooo f(#)e=stdt converges.

Given the above equality, when we apply the Laplace transform to f’(t)

ﬁwwn=lwf%mwm

By applying integration by parts, we obtain

ufm}:e“ﬂm5—Amﬂwew8%ﬂ

As t approaches positive infinity, the exponential term e~ will tend towards zero due to

the negative exponent —st, leading to lim, ,o, € *!f(a) = 0. Therefore, the boundary term
et f(t)lg” = —f(0). The other term — [° f(t)(—se*!) dt can be simplified, and we can substi-

tute back [~ e~ f(t) dt as F(t), yielding

uww}zaﬁﬂm?—Amﬂw@wﬂmh

- —f(0)+s/0 eSLf(t) dt
=sF(t) — f(0)

11



Thus, we have derived the theorem for the Laplace transform of the first derivative.

This seems to diverge from the main topic of the article; I wanted to show this proof simply
because I derived it myself in the past.

Now that you know what this is, let’s discuss how to apply the Laplace transform to constant

coefficient linear differential equations. We’ll consider the following form

dny dnfly dy
anw+an—1W+"'+a1&+aoy—f(t)

We can take the Laplace transform of both sides, converting each term into an algebraic
expression in the complex frequency domain

d™y dnly dy
anf{ G2} + an Lt 4 e LS} + o) = L)}

This can sound complicated and abstract, so let’s take a first-order ordinary differential equa-
tion as an example: ‘;—7{ + ay = 0, where Y(s) = L{y(¢)}. Applying the Laplace transform gives
us

/0 f)e **dt = ye™* |0 _/0 y(t)(—se *")dt
= 5Y(s) - y(0)

Substituting back yields

Next, we introduce the concept of the inverse Laplace transform, which is simply the reverse
operation of the Laplace transform. It converts a function in the complex domain back to the
time domain, in the following form, where v is a real number containing all poles of F(s), and 4
is the imaginary unit

1 y+iT
ft) =L HF}t) = — lim e* F(s)ds

2711 T—oo Jo_ip

Here, £7! {ﬁ} = e u(t) is a commonly known formula from the inverse Laplace transform

theorem (since many derivations are available online, I won’t write it out here, especially since
I'm quite busy today), so we can apply it to obtain

y(t) = y(0)e"*

4.4 Problems

1. Determine the roots of the characteristic equation for ¢ + 2y’ 42y = 0 and write its solution.

2. Solve % + y = €* using the exponential input theorem.

12



3. Expand the Laplace transform of the function f(z) = €** on the interval [0, oo].

4. Find the antiderivative of the Laplace transform function F(s) = WlerS'

5 Homogeneous Linear Differential Equation Systems

5.1 Definition

A standard linear differential equation system of order n can be compactly expressed using
matrices and vectors as follows

dy(z)
dz

=Ay(x)+f

where y(z) is the solution we are concerned with, a vector of unknown functions. A is the
coefficient matrix, and when f = 0, this represents a homogeneous system. The vector of unknown
functions y(z) and the coefficient matrix A of a homogeneous linear differential equation system
with constant coefficients is in the form of

a11 G12 aiz -+ QAln v
21 Q22 Q23 - A2pn Yo
A= |a31 az2 a3z - 0A3n Y =
Yn
Am1 Am2  Am3 e Amn

When the system of linear differential equations with constant coefficients is homogeneous, we
can simply use the matrix exponential to represent the general solution of such a system. We
introduce the definition for an n-dimensional real matrix A, where its matrix exponential is given
by

A2 XA

A _ =N A

e"=E+A+ 2!+ —E o
n=0

We define an identity matrix E, and then we can define this matrix exponential function as

(Az)® *f (Az)"

A" =E+ Az + TR

Next, we substitute e into di'if:)

13



d d A? A’
y(w) :<E+Az++---+.+--->

dx dz 2! 1!
A3.T2 Aixi—l
— A+ A2 sl H
+ A%z + o1 4+ (-1 +
(Ax)® (Az)""
—A|lE+A M oo 3
( TAT S e
= Aeh”
= Ay(v)

Similarly, eA® is the matrix form of the general solution for a system of linear differential

equations with constant coefficients, known as the fundamental matrix solution. We can express
it as

“+oo n
Az
exp Ax = E ( n!)

n=0

However, we should clearly define that we have already learned in the first chapter the concept
of using the Wronskian determinant to determine the linear independence of solutions. Specifically,
when the Wronskian determinant is non-zero, i.e., W(y1,ya, ..., yr)(x) # 0, for all z € [a, ], this
set of functions is linearly independent. For a system of differential equations, when the solution
set y is linearly independent, we refer to the solution matrix Y it forms as the fundamental matrix
solution. If there exists a point o € [a, b] such that Y (zo) = E, then Y is a standard fundamental
matrix solution.

For a fundamental matrix solution Y, the initial value condition given by y(z¢) = yo leads to
the solution that satisfies the initial value condition

y(z) =Y (x)Y(z0)yo

Next, we need to reconsider the complex solutions of d‘z;—(f) = Ay(z). We can separate the
solution y into its real and imaginary parts

L Ry(@) +iS(y(@) = A (R(y(2) + i~ S(y(2)))
Ry () + i Sly(e) = AR(y(2) + iAS(y(x)

Since the real and imaginary parts in the complex equation are independent of each other, we
can directly compare them separately



Therefore, this applies to the complex matrix functions as well.

5.2 Eigenvectors and Eigen Decomposition

However, clearly, the matrix exponential function eA® is an infinite series, making it quite

complicated. Therefore, we need to use eigenvectors and eigen decomposition to solve the problem
more intuitively. If all else fails, we could always resolve the issue with the person who raised the
question (7). Although this topic has been discussed in linear algebra, it is worth mentioning
again here.

We consider the eigenvalue problem for matrix A (assuming A is diagonalizable; otherwise, the
following solution cannot be defined as a fundamental matrix solution, but we do have methods

to handle such cases). There is an eigenvector matrix V = [vq,Va, -+ ,vy] and corresponding
eigenvalues A1, Ao, -+, A\,. By applying the chain rule to %ehi’”vi, we obtain
aeAiIvi = MNPy, = ATy,

Thus, we can define the fundamental matrix solution as

A

Y = [eMivy, eMlvy, - ety

In Linear Algebra I, we learned that we can find the eigenvalues by solving the characteristic
equation |A — AI| =0, and in this case, we can directly solve and substitute back.

5.3 Jordan Canonical Form

For matrices A that are more rebellious and cannot be diagonalized, we need to use the Jordan
canonical form. Here, P is the matrix composed of eigenvectors, allowing us to express the matrix
A as

A=PJP!

where J is the Jordan matrix, J = diag(J1,J2,- -+ ,J,,). Let J; denote the block corresponding
to the main diagonal of J. For instance, J;, Jo block the matrix J as follows

_ [
="
Each Jordan block has the form
Ao 1 0
J = 0 X\ 0
1
0 0 i

We can compute each block J* and the matrix exponential eJ®

15
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Combining these, we obtain J¥;

c k—1 k(k—1)\k—2 k! k—m
Ae o paRmt RECD G2 (W/\i
k—1 D! yk—m—1
g |0 Ak By R s anY
7 . .
0 0 0 AR

Jx

We can expand the exponential function e”® as follows

(Jz)? *f (Jz)™

" =E+Jz+ o=
2! m!
m=0
Aix Aix ﬁ Aix 1‘7”_1 iz
e xre ore . (m_lgle
3 0 et peMit Lm; et
eVit — (m—2)!
0 0 0 .. eri®

In this way, we can compute the exponential form for each Jordan block and consequently
obtain the entire matrix.

6 Numerical Methods for Ordinary Differential Equations

6.1 Difference Methods

The difference method is a fundamental numerical computation technique. In addition to
solving differential equations, it can also be used for numerical approximation, image processing,
and similar problems. The key idea is to approximate derivatives or integrals through finite
interpolation, thereby discretizing a continuous problem.

Among these, the forward difference approximates using information from the current point

and the next point. For equidistant nodes z; = xo + kh, (k = 0,1,--- ,n), the difference is the
increment of the function value f(z),+1 minus the current function value. We denote it as:

Af(@)n = f(@)ns1 — f(T)n

This can be directly generalized to higher orders. The k-th order difference A* f(x) is defined,
and the difference of differences is a higher-order difference. Thus, a k-th order forward difference
formula is given by AFf(2), = A* 1 (f(2)ny1 — f(2)n), leading to:
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Similarly, the backward difference is defined as the difference between the current function
value and the previous function value, i.e., Ay, = ¥ — Yn—1. A k-th order backward difference
formula is given by AF f(x),, = A*=1(f(z), — f(z)n+1). Note that the above formulas also apply
to backward differences because we include the power of —1, which determines whether it is a
forward or backward difference.

6.2 FEuler’s Method

Euler’s method is a commonly used numerical technique for approximating the solution to
initial value problems in ordinary differential equations. Based on linear approximation, it can be
considered one of the simplest numerical methods. We estimate the function value at the next
point using the slope of the tangent line at the current point, assuming that over a step size, the
change in the solution can be approximated by the current derivative multiplied by the time step.
To represent this compactly, we define f(z) = y, and if the estimated step size is h, the iterative
formula is

Yntl = Yn + h- f(l'nayn)

The figure below illustrates the approximations of the differential equation g—g = —2zxy using
FEuler’s method with two different step sizes. Clearly, the smaller the step size, the more iterations

are required, resulting in a higher degree of accuracy.

Note that Euler’s method is a basic first-order numerical method, and its error generally
increases with the step size. Therefore, for problems requiring high precision in numerical solutions,
Euler’s method may not be accurate enough and is not suitable for curves that change rapidly.
However, it is often a good choice for simple initial value problems.

The aforementioned form is called the ”explicit Euler method,” and correspondingly, there is
an implicit Euler method defined as

Yn+1 = Yn +h- f($n+1; yn—i-l)
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Before proceeding with this, we need to solve this equation, for example, by using Newton’s
method to convert it into a root-finding problem. Rearranging the equation and defining a symbol
leads us to

G(yn-i-l) =Yn+1 — Yn — h- f($n+17yn+1) =0

The formula for Newton’s method is

T T T )
n

We can substitute this into our expression, compactly represented as

yk+1 =y — F(y§+1)
1 — Yn
mr F’(yqu)

We can continue the iterative computation in a similar manner.

6.3 Runge-Kutta Methods

The Runge-Kutta methods are numerical techniques for solving ordinary differential equations.
They adjust the slope repeatedly to estimate the solution and use appropriate weights to average
these slopes, making them generally more accurate than the Euler method.

If we modify the Euler method’s formula y,+1 = y, + h - f(xn,yn) to use two slopes for
estimating the next segment of the solution, we can consider a step size h along with the following
ordinary differential equation and initial value problem:

dy

@ :f(xay)7 y("Eo) = Yo

Similarly, we can compute our two target slopes:

kl :hf(xnayn)
ky=h- f(zn + h,yn + k1)

We can then use the average of these slopes to obtain the estimated solution:

1
Yn+1 = Yn + i(kl + ko)

This method, which averages two slopes, is known as the second-order Runge-Kutta method,
abbreviated as RK2. In practice, RK4 is more commonly used, which takes four slopes into
account and gives more weight to the midpoint slope. This is similar in concept, and both are
referred to as ”explicit Runge-Kutta” methods. A s-th order Runge-Kutta method (apologies for
the usual use of k& and n being occupied) has weights ¢; and is expressed as follows:
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kl = hf(tn7yn)
ko = hf(tn + c2h, yn + as1kr)
ks = hf(t, + csh, yn + asziki + aszks)

s—1
ko = hf(tn + cshyyn + > asiks)

i=1
We define the weight coeflicients b;, giving us:
S
Yni1 =Yn + > bik;
i=1

Note not to confuse ¢;, which are the weights for local adjustments, with b;, which are the
weights adjusted according to the order. Refer to the following table:

C2 | G21
C3 | a31 G32

Cs | g1 Qg2 --- Qs s—1

by by ... bs

6.4 Problems

1. Write a function that takes a list as input and returns the difference values of each element
with its subsequent element in the list.

2. Write a function that accepts a tuple representing an interval and solves the ordinary dif-

ferential equation S—Z =z — y with a step size of h = 0.1.

3. Use the fourth-order Runge-Kutta method to solve the ordinary differential equation % =
x + y with a step size of h = 0.1.
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